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Abatraet 

Comidcr  a stationary  Gautiian  ttochanic  proea«  {y(t);t€R}  with  a rational  tpactral  density,  and  let 
H(y)  be  the  Hilbert  space  spanned  by  it  The  probtem  of  datamiining  all  stationary  and  purely  nottda- 
terministie  families  of  minimal  splitting  subspaeas  of  H(y)  it  contidarad;  the  tplining  subtpacet  consti- 
tute ttata-spacas  for  the  process  y.  It  it  dtown  that  soma  of  thase  families  are  Markovian,  and  thay  lead 
to  internal  stochastic  raalizationt.  A complata  charactarization  of  all  Markovian  and  non-Markovian 
famMias  of  minimal  splitting  subtpacet  is  providad.  Many  of  the  basic  results  hold  without  the  assumption 
of  rational  wactrai  dansiry. 


1.  InMduetien 

Let  {y(t):t€R}  be  a purely  nondatarministic.  mean-square 
continuout,  ttationarv,  Gaussian  stochastic  process  with  taro 
mean  and  dafinad  on  a probability  spaca  (n,F,P).  Wa  shall 
tssums  that  the  spectral  density  ^ of  y is  rational  although, 
aa  wa  dtall  explain  balow,  marry  of  rxir  rsaults  hold  without  this 
atsumptiort.  Let  H|y)  be  the  clotad  linaar  hull  in  L2(n,F,P) 
of  the  stochastic  variabias  {y(t);t€R).  Than  H(y)  isa 
Hilbert  space  with  inner  product  ({,<;)  •£{{!; },vdrare  £{■} 
denotes  mathematical  expectation.  The  stationarity  of  y 
bnpliat  that  thare  is  a translation  group  {Uf;t€R}  of  unitary 
littaar  bcMtrdad  operators  H(y)  H(y)  such  that  y(t)  ■ Ufy(O) 
for  every  t€R.  A family  {St;t€R}  of  subspaces  of  H(y)  is 
said  to  be  ttationary  if,  for  each  t € R, 

For  each  t € R,  the  Hilbert  space  H(y)  can  be  written 

H«y)  - HJ-(y)  V H+(y|,  (1) 

where  H^(y)  isthepasraoaea 

Hf(y)-»{y«T»;T<t}  (2) 

and  H^(y)  is  the  A/tt/r*  ipaea 

Hj-(y»-5{y(f|;T>t)  . (3) 

Here  }5{‘}  denotes  the  dosed  linear  hull,  artd  XVY  isthe 
samaas  i}S{X,Y}.  Of  course,  (1)  is  not  an  orthogonal  decom- 
position; in  fact,  the  past  srtd  future  spaces  overlap.  Wa  shall 
call 


H®(y)  • H^(y)  n H+<y)  (4) 

the  praasrtr  space.  It  contains  the  germ  space 

H^+(y)  - {y(t),y<t) y<">lt» ),  (51 

i.a  the  subspace  spanned  by  yit)  and  all  Its  derivatives  at  t, 
yi^^(t)  being  the  highest  existing  derivative  defined  in  mean- 
square.  If  4 hat  roots  on  the  imaginary  axis,  H^(y)  will  also 
contain  soma  integrals  of  y over  the  real  line. 

For  an  arbitrary  t € R,  we  wish  to  determine  e subspace  of  H(y) 
which,  loosely  speaking,  contains  all  the  information  about  the 
past  of  the  process  needed  in  predicting  the  future  or,  which  is 
equivalent,  all  the  information  about  the  future  required  to  esti- 
mate the  past.  More  precisely  stated:  Find  all  (closed)  subspaces 
X which  satisfy  the  cotxiition 

E{i?|H^(y)VX}-E{f(|X)  forall  t?€Hj’(y)  (6) 

or  the  equivalent  condition 

E{q!H^(y)VX}-E{ij|X}  fordi  gGHfly),  (7) 

where  E {q  I X } denotes  the  orthogonal  projection  of  q onto 
the  subspace  X,  or,  in  probabilistic  terms,  the  corxiitiortal  mean 
of  q given  (the  sigma-field  generated  by)  X.  Each  of  the  two 
conditions  (6)  and  (7)  are  equivalent  to  Hr(y)  and  H^(y) 
being  conditionally  independent  given  X [101.  A subspece  X 
with  this  property  is  said  to  be  a tpHning  subspac*  at  time  t [6, 
11].  Obviously  H(y)  is  a splitting  subspaca,  and  so  are  H^(y) 
and  H^(y),  but  they  are  too  large  for  our  purposar  We  shall  be 
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I intvHtKl  in  iplitting  iub«Mcat  X nxhich  m mminul  in  tfi* 

[ ttnu  thit  tfiart  i$  no  propar  wbipact  of  X nnfiieft '»  alto  flit- 

ting. Wa  «vill  show  that  (in  tha  rational  caia)  all  tuch  lukMpacai 
^ ara  finita  dimansional. 


Tha  tignifieanca  of  tha  minimal  flitting  tubapaoat  it  that  thay 
will  tarva  at  tata  tptem.  If  X^  it  a minimal  flitting  tubtpaea 
at  tima  0,  X,  ■ it  a minimal  flitting  wbtpaca  at  tima  t 
Hanca  (X^;  t € R } it  a ttatienary  family.  Any  ttationary  vactor 
procaat  {x(t):t€R}  lueh  that,  for  Mary  t€R,  x(t)  itabatit 
E in  X|,  itcaHadattataproeaK.  In  tha  naxt  taction  wa  rt<ow  that 

y(t)  € Xf,  and  hanca  thara  it  a conttant  row  vector  c tuch  that 


tuch  f littirtg  subtpaca  mutt  contain 

H+'-(y)-f  {E{t)IHr(vl);h6<(y))  , (9) 

which  it  ittelf  a flitting  tubtpaea.  Hanca  Hf''~(y)  it  a minimal 
flitting  wbtpaca.  We  ihall  ute  tha  ihorthand  notation 

H+'-(y)  - E {H+(y)  | (y) } (10) 

instaad  of  (9).  At  toon  at  we  have  ettablithad  that  Hj''*'(y)  it 
finita  dimentionai,  wa  may  remove  tha  bar  over  tha  E denoting 
dowra.  In  tha  tame  way,  it  can  be  teen  that 


y(t)-cx(t)  . 


(8a) 


HJ-'-^(y)-E{H{-(y)|Hj-(y)}  (11) 


It  will  be  taan  in  Saetion  4 that  thara  ara  familiat  of  minimal 
flitting  wbtpaeat  which  ara  Markovian.  Than  any  ttata  procaat 
X will  be  a Markov  procaat  and  thara  it  a repratantation 

dx  • Axdt  * bdu  , (8b) 

where  A it  a conttant  ttabUity  matrix,  b it  a constant  vector 
and  u it  a Wiener  procati  defined  on  tha  whole  real  line.  In 
ganarai,  there  it  alw  a multitude  of  non-Markovian  familial  of 
minimal  flitting  wbfacat  for  which  there  it  no  wch  rapraaan- 
tation. 

A repratantation  (8)  it  eallad  a snetmtic  ntIUttion  of  y. 
Uwaily  a white  noite  tarm  it  addad  in  (8a),  ndtieh  laedt  to  eon- 
lidering  a ttoehattic  procan  y with  ttationary  increments 
inttaad.  The  rawitt  of  this  paper  can  be  trivially  modified  tt 
cover  thit  caw  (81 , tha  preiant  formulation  being  for  clarity  of 
praiantation  only.  A datarminittic  version  of  the  stochastic  real- 
ization proWam,  concerned  with  tha  determination  of  (A,b,c) 
in  (8)  only,  hat  btan  contidarad  by  Anderson  (2] , Faurra  [3] 
and  J.  C Willems  [15],  Tha  probabilistic  problam  of  finding  all 
tapratantationt  (8),  i.a.  quadruplatt  (A,b,c,u),  wai  tolvad  (in  a 
mors  ganarai  tatting)  in  LHtdquitt  and  Picci  (71  acxi  Ruckabuaeh 
(131.  A coordinata-fraa  stata^paca  approach,  tuch  w tha  one 
taken  in  this  paper,  was  used  by  Akaika  (11,  Picci  (111  and 
Rozanov  (121,  but  only  ttata  tpsew  contained  in  tha  past  or,  at 
for  Akaika,  in  tha  future  ware  corwidarad.  A complete  charac- 
terization of  all  Markovian  state  tpacat  ww  obtained  by 
Lindquist  f d Pied  (81  and  Rucfcabutch  (141 . The  former 
paper  it  written  in  terms  of  minimal  flitting  wbtpaeat,  but  tha 
non-Markovian  flitting  wbspaew  were  overlooked.  An  erratum 
for  (81  it  providsd  in  tha  and  of  this  paper;  a ravitad  version  it 
under  preparation.  Tha  tkistanea  of  non-Markovian  flitting 
wbspaew  it  astablithad  in  Lindquitt-Picd-Ruckcbutch  (91 . Thit 
rawit  b ditcuttad  in  Section  S. 

In  this  paper  wa  have  limhad  our  attention  to  inmmtl  stochastic 
rwlizationt,  i.a.  repretantations  (8)  whow  state  tpacw  ara 
contained  in  the  Hilbert  face  H(y).  If  we  ditpanw  with  thit 
aswmption,  we  obtain  axtarna/  raalizationt.  Ganarai izationt  of 
our  rewIts  to  irtclude  thaw  rapratantationt  will  be  prawntad 
altawhera. 

2.  Minimal  splitting  wbtpaew 

Let  ut  begin  by  considering  f arbitrary  flitting  wbfaca  X 
contained  in  tha  pan  face  H^(y).  In  view  of  (6)  it  mutt 
satisfy  E{»?  I HJ'(y)}  • E{>j  | X)  for  all  j?eHj(y).  Hanca  any 


it  tha  minimal  splitting  wbtpaca  contained  in  H,  (y).  Thaw  arc 
the  two  ttata  facet  considered  in  [1, 11, 121. 

A generalization  of  this  construction  leads  to  the  following  two 
lemmas. 

Lemma  1.  Let  S be » ubtpece  of  H(y).  If  SO  H^(y|,  then 
8{H^(y)|S}  is  e splitting subspece  at  time  X.  Similarly,  if 
S3H^(y),  E{Hpy)|S}  is  a splitting subspace  at  time  t 

Proof.  Set  X-IlH+iy)  |S}.  Let  nSHj’ly).  Then 
E{E{iilS)|X}-E{f|lS}.  Therefore. since  S3X, 

E{frlS}-E(f?|X}.  (12) 

Assume  that  S O HJ‘(y).  Then,  HJ'(y)  V X C S.  Hence,  pro- 
jecting (12)  orrto  Hpy)VX  yiaidt  (6),  i.e.  X it  a splitting 
wbtpaca.  A symmetric  argument  yields  the  tacoird  part  of  the 
lemma.  ■ 

Lamma2.  Let  X be  e minimal  splitting  subspeca  at  time  t 
Then  wa  have  the  following  two  representations. 

X-l{H+(y)  |Hf(y)  VX)  (13) 

X-f{HJ-(y)|Hj-(y)VX}  (14) 

Proof.  8y  Lemma  1,  the  ri^t  members  of  (13)  f d (14)  ara 
flittiftg  wbtpaew  at  tima  t 8ut,  in  view  of  (6)  and  (7),  thaw 
are  corttainid  in  tha  minimal  splitting  wbtpace  X and  therefore 
(f3)  and  (14)  fellow,  a 

Now  dafhta  the  frame  space 

H®(y)  - H^/-(y)  V HJ^*(y)  , (15) 

which  it  itself  a flitting  wbtpaca.  In  fact  H°(y)  it  the  imallast 
wbtpaca  containHrg  all  minimal  tplittifrg  wbfacat,  w it  wen 
from  tha  following  theorem. 

Thserem  1.  Let  X be  a minimal  splitting  subspace  at  time  i 
Then 

Hf(y)  C X C Hf(y)  . (16) 

Proof,  (i)  Let  n€Hf|y)-Hf(y)nH^(y).  Than  q- 
E in  I Hr(y)  V X } , which,  by  tha  flitting  property  (6),  squalt 
E{i?|xV  Hence  o6X. 


'"t- 


i 


14 


n 


dm  of  all  WNo«r  proetmm  (22)  and  U*(U~)  tha  aubaat  of 
thoaa  u € U which  eorratpond  to  a W for  which  tha  function 
u — it  of  Hardy  dafi  Lat  W bathainvana 

Fouriar  trantform  of  w-*W(iJ).  Than 


H(v(-Nf  •H°(v)®N^  . (17) 

Foraaeh  n*€H*(v)  dafina  n- E{fj^  | Hf(v)  VX).  By 
l.anwna  2,  X it  tha  doaad  linaar  tpan  of  al)  luch  q.  Moraowar, 
E (n  I HJ"(y) ) ■ E {q*  I HJ'(y) } C '“(y),  which  it  orthogonal 
to  Nf.  Sinca.  in  addition,  (q  - E (q  I HJ-(y) ))  i H^(y)  3 NJ-, 
wahaaa  qlN^.La.  X it  orthogonal  to  Np  In  tha  tama  way, 
udng  rapraaantation  (14),  it  It  wan  that  X it  orthogonal  to  Nt. 
Hanea  X C Hf . a 


V(t)  - f a'"<W(iw)da  -f  W(t-r)du(T) 


Now,  W(t)<0  if  and  only  if  u€U  . Tharafora,  U'^containt 
ptadaaly  thota  u for  viAiieh  H^du)  3 HJ"(y).  LM  W.  ba  tha 
uniqua  rational  tpactral  factor  with  all  polat  and  tarot  in  tha  loft 
complaK  half-plana,  and  lat  u,  ba  tha  corratponding  Wianar 
proeatt.  Than  u.  Moroovor,  tinea  hat  all  its  pdat 
in  tha  laft  doaad  hdf-plana,  with  toma  affort  it  can  ba  taan  from 
(22)  that  Hpdu.)  C HJ'(y).  Hanca  H^(du.)  • HJ‘(y),  and  u. 
it  cdlad  tha  innevttion  proemt.  In  tha  tama  way  wa  can  taa  that 
U~  it  tha  dan  of  thoaa  u for  which  Hf  (du)  C H^ (y),  with 
aqudity  for  tha  bpehumrd  innovnion  proem  Jl,,  i.a.  tha  Wianar 
procan  corratponding  to  tha  n>actrd  factor  W.(-t).  Finally,  wa 
notathat  H|u)>H(y)  fordi  u€U. 


Thb  thaoram  thowt  that,  at  pointad  in  Saction  1,  ail  minimal 
iplittingaubvaeatat  dma  t contain  y(t). 


CoroBary  1.  Let  X bt  • minimet  tptinmg  ubipaet  St  tim«  t 
Thsn 


E{X|Hpy)}-H+'-(y)  (1 

snd 

E{X|H*(y))-H^^-*-(y)  . (1 

In  anticipation  of  Corollary  2 balow  and  to  provida  a mora 
aiggattiva  notation,  tha  dotura  ban  haaa  baan  dalatad  in  (18) 
and  (19).  Thit  ratult  will  ba  intarprotad  in  Saction  S. 


Fropoaition  1.  Lst  u€U''  snd  1st  W bs  ths  corrstpondirtg 
tpsetrst  ^ctor.^  Thsn  E {H^(y)  I H^(du) } d flnits  dintsnsionsi 
if  snd  only  If  W is  rsderml,  is.  ^ ■ six,  srhsrs  w snd  x srs 
raaf  rsistlssly  prims  potynomislt.  In  this  cm 


Idag(p)<k>d9,  (24) 


whant  k ■ dag(x),  srtd  whsts  wt  hmrs  tsksn  ihs  dossdUtmr 
spsnin  L2(R)  ossr  sII  rssi  polynomisis  p of  dsgrss  Im  thsn  k. 

Froof.  Fim  nota  that,  in  viaw  of  (23), 


E{y(t+r)  IH^(du)} 


W(t+T— o)du(o) 


(if):  Suppoaathat  VI*  six  it  rational,  and  lat  (A,b,c)  baa 
minimal  rod ization  of  \A.  Than  Wit)  - c(tl— A)~^b  and,  N 
viaw  of  tha  hJ  condition,  W(t)  ■ ca^^bKt),  tvhara  1(t)  it 
for  t > 0 and  zaro  for  t < 0.  Thit  intartad  into  (2S)  yiaMt 


viaw  of  tha  Mrdy  nondatarminictie  Mumptlon,  hat  tha  prop- 
arty E Id9 ■ ®(iw)dw.  Han  wo  aMuma  that  dta  tpoctrd 
dandty  ® it  rationd,  i.a.  ®>p/q,  tdtara  p and  q ararda- 
thioly  prima  pofynomMa  of  dagraai  2m  and  2n  raipactivaly; 
ofeouna  m<n. 


E{y(t+r)  IHnOu)} 


wharo  p,«x(t)ca^MtI-A)~'b  it  a polynomid,  for  x it  tha 
charaetarittic  polynomid  of  A.  Sinca  (c>k)  it  obtarvabla,  q>an 
{Pf:T>0}  condttt  of  dl  rad  polynomidt  of  dagraa  Ian  than  k, 
and  conaaquarttly  (24)  hoMt.  ITia  dimandon  of  (24)  it  k. 

(only  if):  Wa  uta a tachniqua  found  in  (5) . Suppota  that 
dim  E{H^(y)  I H^du)}  * k<**.  Lat  k)  ba  tha  doaad  tpan  of 
{W^:r>0)  in  L2(0,**),  whara  W,(t)  • W(t+r).  Than,  in  viaw 
of  (28),  dim  W ■ k.  Let  {a^,  a2, . . baabadtin  V,and 
lot  a ba  tha  column  vector  of  thoaa  kinetiont.  Since  W itdotad 
under  tha  thift  W(t)  -*  W(Ht),  thaia  it  an  invartibla  matrix  func- 
tion T aichthat  a(tfr)-T(r)a(t);  T it  eontinuout,  for  tha 
dtlft  it  oondnuout  in  L2-  Since  Tft+r)  ■ T(t)T(r),  T(t)  ■ a^' 
for  toma  matrix  A.  Than  thora  it  a row  ss^or  c Mch  that  for 
t > 0,  W(t)  ■ oa(t)  • ca^^O),  and  hanea  W it  rationd.  a 


For  each  tueh  W, 

du-W(iw)~'d9 

it  a unitarY  onhogond  tpacird  maodirt  and 


m m wwtmrm  «*>  vw  rwm  tinm.  uwTwm  n|  fouf  mo 

Hfldul  to  ba  tha  doaad  linaar  tpana  of  patt  and  future  Inero- 
mantaof  u ratpaetlvoly.  La.  H^fdu)*^^^) -u(t>;r<0} 
and  H*(du)*iS(u(t>r) -u(t);  r>0).  Lat  U denote  tha 


Udrtg  a tymmatric  argumant  wa  can  prove  a backward  vordon  of 
thit  propodtion. 


fOTMry  t€R,  ;>  and  artoondi' 

tionally  indapandant  givan  X^  Thh  it  aquivalant  to  aadi  of  tha 
twfo  eonditiont 


PropotMonL  L»t  u€U~  andltt  W bt  th4  eormpotiding 
VKtm  factor.  Than  E (H^ly)  I Idu) } « finite  bimantional 
if  and  only  if  'fl  k rational,  in  tthieh  eaaa  E{Hf(y)IH^(du)} 
ittnanhytfiarMtn>amdarof(2i),adiara  a it  tha  numarator 
pofynomial  of  W and  k tha  dagraa  of  tha  danomlnator  polyno- 
mial. 


(i|  E(iilXf}-E{t,lXt}  fofalli»6X* 

(H)  E{nlX^}-E{i||X,}  foralliieXf, 

aitftar  of  ttvfiieh  can  be  utad  at  an  altamativa  dafinitioa 


Sinca  Hr(y)  ■ Hndu.),  Propotition  1 yialdt  a rapratantation 
of  H?’'“*(y|,  namaly 


LammaS.  Let  {S{:teR}  ba a nondaeraatint ^mlly of 
autnpaemof  H(y),/.«.  forall  t€R  and  «>0i 

Than  {E{H^(y)  I Sf};t€ R)  it Markorian. 

Proof.  Sat  X.-F{Ht(y)  IS.}.  Ut  6 H*(y»,  aihara  T>t. 
Oafino  q>E{T|^|S,} . Sinca  X^  it  itia  dotad  «an  of  aft  aueh 
i|,  it  jutt  ramaint  to  diow  that  E{q  I XT)  ■ E{q  | X.}  lopreta 
(31).  B«it,atin(12),E{q'^IS.}-E{q^|Xf}.  Sinca 
X^  thit  impliat  E{q|S{}*E{q|Xf},  aAtich  projaciad  onto  )C^ 
yiaidt  tha  datirad  ratult,  for  X^CS^.  a 

Contidar  a family  {Xf;t€R}  of  minimal  wHttingtutMpooat. 
Than,  by  Lamma  2 (and  Corollary  2),  X^  ■ E {H^(y)  IS.)  for  all 
t € R,  Mihara  ■ H^(y)  V X^  Now,  could  am  find  a Wlanar 
procaat  u tuch  that  S^  ■ H^ldu),  Propoaition  1 wouid  yMd  a 
rapratantation  (24)  of  {X^;  t € R } . Tha  followring  thraa  iammat 
diow  undar  what  eonditiont  thit  anil  happen. 


H^/-(y)  -/  I dag(pl  < n 1 d^  . (26) 

\a,(i«)  J 

whara  a.  it  tha  numarator  polynomial  of  9l,.  Now,  uting  tha 
proeadura  outlinad  in  tha  and  of  Section  4,  a«  can  laa  that  thara 
it  an  aquivalanca  daat  of  rapraaantationt 


of  hrpa  (8),  tuch  that,  for  avary  t€R,  x.(t)  itabatitof 
H^'~(y).  T)iit  it  tha  (ttaady-ttata)  Kalman-Buey  filtar.  Ukaarita, 
tha  rapratantation 
« 

HT^^fy)-/ 


*.(-iw)  } 

followt  from  Propotition  2,  uting  tha  fact  that  H^(y)  ■ H*ldQ,), 
and  wa  obtain  an  aquhralanea  data  of  backward  Kalman-Buey 
filtara 


Lamma4.  Let  {X(;t€R}  be  a Markoirian  family  of  minimal 
tpHtting  tubtpacat.  and,  for  arary  t € R,  drAw  S^  ■ H^(y)  V X^ 
Than  tha  family  {Sf,'t€R}  it nondaoraat/ng. 

Proof.  By  Thtoram  1,  y(t)  € Xj,  and  hanca  X^  D H^(y)  VX^“ 
Sf  Oafina  Z'X^GS^  Latr>t  Than,  uting  tha  flitting 
property  (6),  E{y(T)  I X^}  ■ E{y(T)  I X^)  + Efylr)  1 2).  Hanca, 
tinea  y(r|  € X^,  tha  Markov  property  (31)  impliat  that 
E{y(r)  12}  >0.  Tharafora  E{Hf(y)  12}  >0  which  together 
with  tha  trivial  fact  E {H^(y)  I 2}  ■ 0 yialdt  2 • 0.  Conta- 
quantly,  S(  ■ X^*,  which  it  nondaeraatirtg.  a 

Somewhat  differently  ttttad,  Lamma  4 can  be  found  in  (8] , 
whara  an  aitamativa  proof  it  givott. 

Afamily  {Xf;t€R}  of  tubtpacat  it  taid  to  ba  purely  nondatar- 
rnktittleif  ipXf*0.  By  aaeumptlon,  (H{'(y);  t € R } itpuraty 
nondatarminittie.  Tha  following  raault  it  kiwnadiaia. 

LammaS.  Let  X^- ECHj’fy)  | S,}. whara  8,-Hf(vl  VX,. 
Than  {X.;t€R}  it  ttadonary  and  purely  nondatarminittie  If 
and  only  If  {S(;t€R}  hat  lhaaa  propartfat. 

LammaS.  Let  {Sf;t€R}  ba  a ttationary.  purely  nortdam- 
mlnittle,  and  nottdaeraatktg  family  of  aubtpaeat  of  Hfy)  tuch 
that  St^Hpy)  forall  t€R.  Than  thara  mka  a Wlanar 
procaat  u defined  on  all  of  R tuch  that,  formrary  tCR, 
H^{du)“Sf  Woraorar,  o6U* 

Tlta  proof  of  thit  lamma  it  a bit  lengthy  and  taehnical,  and  it  will 
bagivanintharwitadvertionof  (81.  Onea  the  axittenea  of  a u 
tuch  that  H^(du)  - S^  hat  been  aatablithad,  it  it  aaty  to  tea  that 
it  mutt  belong  to  U'*'.  In  fact,  tinea.  H|'(y)  C H^(du),  there  it 
an  L^-function  W tuch  that 


which  avolva  backward  in  time  ttarting  at  t ■ for 
Ra{X(X.)}>0  (tea  Section  4).  Now  tha  taeond  part  of 
Theorem  1 can  be  rephraaad  to  read:  Lat  X ba  a minimal  flit- 
ting wbtpace  at  time  t Than  X C9{x*(t),}(.(t)},  i.a.  any 
(minimal)  ttata  vector  can  ba  tKprattad  in  tarmt  of  the  forward 
aitd  backward  Katman-Buey  attimatat;  c.f.  Undquitt-Pioci  (7] 
and  Ruckabuach  (131 . In  view  of  (26)  and  (28),  tha  following 
propotition  it  immediate. 


Piopotitlow  X Lat  p/q,  wfiara  p and  q are  ralatfvaly 
prknapolynemlaltefdtgraat  2m  and  2n  ratpaetiyaly.  Than 
thaframatpacaItglyanbY 

M?(y)  -/  ai^HB  dag(p)  < n+m  \ d9  . (30) 


Coronary  2.  Giran  the  tame  attumpdont  at  in  Propotition  3,  let 
X ba  a minimal  tpHtting  aubtpeet  at  tkna  t Than  n<dimX< 


(Thaoram  1),  dim  X <n+m.  In  view  of 
“(y)  - n.  a 


r 


Htnct  W if  • KMCtf  al  fictor  of  dw  and  thartfort  u€U'*'. 

Thaoram  2.  Ln  ^ • p/q,  M^art  p and  q tn  nMiytfy  primt  ' 
pofynomitit  ofdtgnm  2m  »nd  2n  rMptetwHy  tnd  m<n. 
r/ian  {Xf;t€R}  it t sattonmy, partly nond»ttrmifil$tic, 
Mtrkoaitn  fmnily  of  minitnti  tpliw'ng  tubtptem  if  and  only  if 


|drg(p)<n>d9  forall  t6R  (33) 


for  tomt  raal  polynomial  w utkfying 

a(i)a(-t)  " p<t)  . (34) 

Proof,  (if):  Let  X.  be  the  poiynomial  tolution  of 

X(»)x(-*)  ■ q(»)  (36) 

having  all  its  zarof  in  the  left  open  half-plana.  Let  W ■ a/x*. 
define  u to  be  the  Wiener  procaw  with  stoehattic  ipactral 
maaaura  dO  ■ )^(iw)~^dv.  Than  u€U'*’,  and  therefore 
H-(du)  3 H-(v).  Set  S^-HJ-Idu).  Clearly;  {S^;teR)  It  a 
ftationary,  purely  nondeterminietic,  nondecreaiing  family  of 
iub«>acai  wch  that  3 H^(y).  Moreover,  by  Propotition  1, 

■ E {H*(v) ) S,},  for  dag(x.)  • n.  Hance,  by  Lammas  1, 3, 
and  5,  t € R } it  a ftationary,  purely  nondeterminietic,  and 
Marfccwian  family  of  splitting  tubtpacet.  Since  dim  )C(  > n, 
theta  splitting  tubtpacas  are  minimal  (Corollary  2). 

(only  if):  Let  {X^;  t S R } be  a stationary,  purely  nortdetmin- 
istic,  Markovian  family  of  minimal  splitting  tubtpacet.  By 
Corollary  2,  dim  X.  < •■,  and,  by  Lamma  2,  X.  ■ E {H^(y)  I S^) 
where  S.  • H^(y)  V Xj.  The  tamiiy  {S^;  t e R ) it  nonde- 


creating  (Lemma 4),  stationary  and  purely  nondetarminittic 
(Lemma  5)  artd  S,  3 H^(y).  HtrKe,  by  Lamma  6,  there  it  a 
u€U'*'  such  that  St'HHdu)  forall  t€R.  Then,  since 
dim  X^  < ••,  Propotition  1 yields 


»<icu)^iw) 


ldeg(p)<n  + deg(p) 


(i).  First  obtarve  that  u € U'*'  if  and  only  if  x'X*  • 

(if):  It  follows  from  the  proof  of  Theorem  2 that  H^(du)  ~ 
Hr(y)  V Xf  But  it  is  saan  from  the  proof  of  Lamma  4 that 
H“(y)Vx2-Xf.  Hance  Xf-H-(du(. 

(only  if);  The  inclusion  X^  C H^ldu)  implies  that  H^(y)  C 
H^(du)  (Theorem  1).  This cortdition  it ertuivalant to  u€U* 

(Section  3),  which  can  only  be  the  case  if  x*X*  ■ ■ 

It  followt  from  Theorem  2 that  there  ate  at  meet  2***  stationary, 
purely  nondetarminittic,  Markovian  familiat  of  minimal  splitting 
tubspicas.  We  shall  now  tae  that  each  of  thasa  corresponds  to  an 
aquivalioce  class  of  stochastic  realizations  (B).  To  this  and  define 
the  statiottary  stochastic  processas 

x,.(t)  -f  e‘“*  ‘"“LT-  dy;  k - 1,  2 n.  (37) 

■r  „ wlup) 

Than,  for  each  t€R,  the  random  vector  x(t)  it  a basis  in 
Let  the  components  of  the  row  vector  e be  defined  by 


HatKe,  in  view  of  (20), 


»(s)-  r cus'^ 
k-1 


y(t)-cx(t)  . 


To  get  a repretantation  for  x,  let 

x(i)  “ s"  + a js"~' + a2s"~2 a„ 

be  a solution  of  (35)  and  let  u be  the  Wiener  procew  in  U 
corresponding  to  W > e/x.  Than 


x^(t)-/  e*«tMl^dC 


and  therefore  it  is  easy  to  tee  that  x satisfies 
dx  ■ Axdt  + bdu  , 


0 1 0 

0 0 t 


In  fact,  a ratiortal  spectral  factor  m(!;.t  hive  the  form 

W(s)  - , 

x(»M-rt 

where  w and  x satisfy  (34)  and  (36)  retpeetively  and  p is 
some  other  polynomial.  But  the  right  member  of  (36)  contains 
(33),  which  we  have  just  shown  to  be  a splitting  subtpace. 

Hence  1.  • 

Corollary  3.  Lat  {X^;t€R}  ba  dm  family  of  minimal  tplitting 
wbtpacat  dafinad  by  {23).  Lat  x da  a polynomial  toludon  of 
{3S).andlat  u ba  dm procaat  in  U corratponding  to  W>e/x. 
Thanji)  XT  C H^(du)  If  and  only  If  x^x*  (dm  tolution  of 
(36)  widi  all  its  tarot  haring  nagatiaa  raal  pant),  in  mhieheaaa 
Xf-Hpdo);af»rfr///  X^CH^(du)  ifandonlylfx{*\*X.{-<. 
in  mhkh  ease  X^  ■ H^(du). 

Proof.  The  two  parts  are  symmetric,  so  we  ordy  need  to  prove 


0 0 0 
-■1 


The  system  (39)  is  a Markovian  representation  of  y.  But  for 
(36b)  to  wrolve  forward  in  time,  we  mutt  have  X^  C H^(du). 
This  condition,  which  is  equivalent  to  X^lH^(du),  character- 
izes the  forward  property,  and  to  satisfy  it  we  mutt  choose 
X~X«  (Corollary  3).  Then  Re{X(A)}  <0,  and  wehavaa 
stoehattic  realization  of  type  (B).  Likewise,  by  imposing  the 
condition  Xj’  C H^ (du),  i.e.  x(*)  ■ X.(— s)  (Corollary  3),  we 
ototalm  a backward ttoehatth  raallzation  [7]  with  Ra{X(A))>0. 
By  making  coordinate  changes  of  the  type  x(t)-»Tx(t)  in  X^ 
when  T it  a nontingular  constant  matrix,  wa  obtain  aquivalem 
representations  with  (A,b,c)  exchanged  for  (TAT“',Tb,eT“'), 
but  there  is  no  such  relationdiip  between  realizations  (B)  corre- 
sponding to  diffarant  families  of  minimal  tplitting  tubspacas. 


F 
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B.  Non^torkovian  of  minimal  ipiltling  MitapMi 

Tha  following  thaoram,  praiantad  in  Undquitt-PIcei-Ruckabuach 
(91 , glvat  a eomplata  cfiaraetarization  of  all  minimal  flitting 
Mbapacaa. 

ThaowmX  <^r  X ■¥(Hf<yl  | S).  Th»n  X it » minimal tfiUt- 
ting  tubtpaea  at  tima  t If  and  only  if 

Hpv)CSCHf(yiVH?(v),  (41) 

in  wfilcfi  caw  S “ HJ’(y)  V X. 

Fof  tha  momant,  lat  ut  tat  t«0  in  Thaoram  3.  Wahavataan 
that  thara  it  only  a finita  mimbar  of  X Maiich  balong  to 
Markovian  famiiiat,  namaly  thota  givan  fay  (33).  ut  call  tha 
tat  of  thata  Howavar,  in  ganarai,  thara  it  an  infinita  numbar 
oftutMpacat  S tatitfying(41|.  Sinea  thara  it  a ona  to  ona 
corratpondanca  batwaan  S and  X,  thara  ara  in  ganarai  minimal 
tplltting  tubtpacat  X9Hg.  Fortuchan  X,  dafina  X^-U^X 
for  all  t € R.  Than  (X^;  t € R } it  a non-Markovian  family  of 
minimal  tplitting  njbtpacai. 

Althou^,  in  ganarai,  an  arbitrary  ttata  procatt  {x(t);t€R} 
will  not  ba  Markov,  thara  it  alwayt  a rapratantation  (39a),  and, 
in  yiaw  of  CoroHary  2,  tha  ralationt 

E{x(t)  IH-(y)}-x.(t)  (42) 

and 

6{x(t)  IH+ivil-x.d)  (43) 

iMiara  )^(t)  and  x.(t)  ara  tha  forward  and  backward  Kalman- 
Bucv  attimatat,  will  alwayt  hold. 

Finally,  lat  ua  ramarfc  that  many  of  tha  ratuitt  of  thit  papar  do 
not  raquira  a rational  tpactral  dantity;  thit  attumpdon  antare 
only  in  Section  3,  Thaoram  2 and  CoroHary  3.  In  feet  Section 
2,  (jammaa  3 and  4 and  Thaoram  3 do  not  avan  raquira  tha 
ftationarv  and  purely  nondatarminittic  aitumptiont. 
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Enatum  for  Refer anca  8 (CDC  vaciion); 

p.  44:  Tha  exponential  in  (3.3)  should  ba  replaced  by  a ganarai 
inner  function.  However,  by  first  dtowing  that  the  fiema  tpaca  it 
finita  dimantional,  at  we  do  in  thit  papar,  only  ratioital  W need 
to  ba  contidared. 

p.  44:  Add  tha  aitumption  ipS^  ••  0 in  Lemma  3.1  and  eltawhare 
vdiera  thit  result  it  used. 

p.  48:  It  it  clabnad  in  the  proof  of  Lemma  7.2  that  the  family 
(S^;  t € R } it  iiwreating.  Actually  this  condition  is  aquivalant 
to  (X^;  t € R } being  completely  Markovian  [9] . Hence  this 
property  mutt  ba  attumad  in  Lemma  7.2  arxl  Thaoram  5.1. 
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